THE POINCARE SERIES OF MULTIPLIER IDEALS OF A SIMPLE 
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Abstract. For a simple complete ideal p of a local ring at a closed point on a smooth 
complex algebraic surface, we introduce an algebraic object, named Poincare series P p , 
that gathers in an unified way the jumping numbers and the dimensions of the vector 
space quotients given by consecutive multiplier ideals attached to p. This paper is 
devoted to prove that P p is a rational function giving an explicit expression for it. 



1. Introduction 

Multiplier ideals are a recent and important tool in singularity theory and in birational 
geometry. They have the virtue of giving information on the type of singularity corre- 
sponding to an ideal, divisor or metric and of accomplishing several vanishing theorems 
which made them very useful. As a reference, including historic development, for this 
concept we refer to \12\ Ch. 9, 10, 11]. In spite of the utility of multiplier ideals, which is 
due to that many of their properties and applications are known, to compute these ideals 
is very hard because it involves facts as either to calculate resolution of singularities or 
to obtain very difficult integrals. As a consequence, very few explicit computations are 
known. The most remarkable is the one of multiplier ideals of arbitrary monomial ideals 

Intimately related to multiplier ideals are the jumping numbers (see [6], where one can 
also read about the antecedents of these numbers). Jumping numbers are a sequence of 
rational numbers that provide a sequence of invariants for the singularity in question, 
extending in a natural way the information given by the log-canonical threshold since this 
is the smallest jumping number. 

In the line of looking for explicit computations related to multiplier ideals, we shall 
consider the local ring R at a closed point on a smooth complex algebraic surface. Our 
aim consists of studying the sequence of multiplier ideals of a simple complete ideal p of 
R. It is well known that the class of simple complete ideals plays a crucial role in the 
so-called Zariski theory of complete ideals \27\ [28] . This theory was inspired by the work 
of Enriques and Chisini L. IV, Ch. II, Sect. 17] and it has had further developments 
due mainly to Lipman (see [14]) who also gave a concept preceding the one of multiplier 
ideal, the so-called adjoint ideal [15] . 
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Very recently, Jarvilehto [TT] obtained an explicit description of the jumping numbers 
attached to simple complete ideals p as above. He gives a formula where the set of jumping 
numbers H can be seen as a union of finitely many sets TL = Uf^ 1 % an d each Hi is 
determined by the maximal contact values of the divisorial valuation defined by p [28J. 
Furthermore the jumping numbers of an ideal in the local ring at a rational singularity on 
a complex algebraic surface can also be obtained by an algorithm provided by Tucker in 

E3- 

In this paper, we consider the family (ordered by inclusion) of multiplier ideals defined 
by p and taking into account that the vector space given by the quotient between two 
consecutive multiplier ideals is finitely generated (a consequence of Nakayama Lemma), 
we attach to p a Poincare series whose coefficients are the dimensions of the above vector 
spaces (see Definition 12. 3p . With the help of the explicit description of the jumping num- 
bers in [TT], we give in Theorem 12.21 a characterization of the jumping numbers belonging 
to each set Hi, that depends on the fact that certain irreducible exceptional divisors of 
a log-resolution of p contribute these jumping numbers. This concept was introduced 
in [20] by Smith and Thompson, where the set of irreducible exceptional divisors which 
contribute jumping numbers associated with a singular curve on a smooth surface is de- 
scribed. A similar result was obtained by Favre and Jonsson using different techniques 
(see Proposition 2.4, Lemma 2.11 and Fact 2 in the proof of Theorem 6.1 of [8]). These 
contributing exceptional divisors are essential for our development and allow to prove our 
main result (Theorem 12. lj) which states that the mentioned Poincare series is a rational 
function and provides an explicit computation for it. This series is an algebraic object 
that involves jumping numbers and the dimensions of its above mentioned corresponding 
vector spaces. The explicit description we give allows to get information that multiplier 
ideals add to the jumping numbers. In fact, we prove that the coefficient corresponding to 
each jumping number t is the sum of the dimensions of certain vector spaces attached to 
the indices i such that i £ Hi. These dimensions are always one except for the last index 
g* + 1, in which case they can be calculated from the expression of t described in [TT] . An 
important aid to compute our Poincare series is the description we show in Theorem 12.31 
of the previous multiplier ideal to a given one. 

To make easier the reading of this paper, in the next section we state the necessary 
notations and our main results while the proofs are relegated to the last section. 

2. Results 

We fix, along the paper, a local ring R at a closed point of a smooth complex algebraic 
surface. Denote by K the quotient field of R. Consider a simple complete ideal p of R 
and set v its corresponding valuation (of K centered at R). v is defined by a divisor E n 
obtained from a finite simple sequence of point blowing ups 

(1) tt : X = X n X n _! — >X 1 ^X = Spec(R), 

determined by the centers of v at the spaces Xj [28]. We shall denote by Ej the prime 
exceptional divisor created by ttj (and, abusing of notation, also its strict transform on 
X). Associated with the above objects, there exists a rooted tree, T, usually named the 
dual graph of v (or of p), where each vertex represents an exceptional divisor Ej (on X) 
and two vertices are joined by an edge whenever the corresponding divisors intersect (see 
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Figure [T]); its root is the vertex corresponding to the first exceptional divisor, E\. The star 
vertices of the dual graph (labelled with sti in Figure [T]) will be those whose associated 
exceptional divisors E s t i meet three distinct prime exceptional divisors. From now on, we 
shall denote by g* the number of star vertices. A vertex of T will be called a dead vertex 
if it has only one adjacent vertex. 



st\ St2 



St 



9+1 



r. 



Figure 1. The dual graph of a divisorial valuation. 



An exceptional divisor Ej precedes another one Ej 1 if jo < j\. Also, Ej 1 is named prox- 
imate to Ej Q whenever Ej precedes Ej t and the point to be blown-up in X^—i to create 
Ej x is in the strict transform of Ej . If Ej 1 is proximate to, at most, one prime exceptional 
divisor, then we shall say that Ej 1 is a free divisor; otherwise Ej 1 will be a satellite divisor. 
Notice that the divisors corresponding to star vertices, E^, are characterized by the fact 
that is satellite and E s t i+ \ is free. 

We associate to each star vertex sti, inductively, a rooted subtree Tj of T in the following 
manner: Ti is the subgraph of T whose vertices are those corresponding to the divisors Ej 
such that j < st\ and, for 1 < i < g* , Ti is the subgraph of T whose vertices correspond 
to divisors Ej such that j < sti but they are not vertices ofTfc, 1 < k < i — 1; the root of 
T\ is the one of T and, for each i > 1, the root of Ti is the vertex adjacent to sti-\. Also 
we define T g * + \ to be the rooted subtree of T whose vertices are those which are not in 
Tfc, 1 < k < g*; its root is the vertex adjacent to st g *. 

Along this paper we stand {/3j}f=o ^ or ^ ne max i ma ^ contact values (or Zariski exponents) 
of the valuation v [21] Sect. 6]. Also, set := gcd^Oj A, . . . , < i < g and 
Hi := ei-i/ei, for 1 < i < g. If the last prime exceptional divisor E n is free (as in Figure 
[1]) then g = g* and, otherwise, g = g* + 1 (in this case there is no subgraph T g+ i). Also 
we shall denote by Fi (1 < i < g*) the divisor E^ corresponding to a star vertex of T and 
we stand F g * + i for the last obtained exceptional divisor E n . 

A concept that we shall use often in this paper is given in the following 

Definition 2.1. Given a prime exceptional divisor Ej, an Ej-general element for the 
valuation v will be an element tp S R giving an equation of an analytically irreducible 
germ of curve whose strict transform on Xj is smooth and intersects Ej transversally at a 
non-singular point of the exceptional locus. The .E n -general elements are usually named 
general elements of the valuation v. 

A remarkable fact is the description of the maximal contact values of v as values of 
certain Sj-general elements. Specifically, if tpj G R denotes any £j-general element for 
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then 0i = v^npii), < i < g + 1, where Iq < h < ■ ■ ■ < l g are the subindexes of the divisors 
Ei t corresponding to the first g + 1 dead vertices of T and l g +\ = n. 

Our goal in this paper is to define and compute an object containing information con- 
cerning the multiplier ideals attached to the ideal p. To do it, since the sequence n in ([!]) 
gives a log-resolution of the ideal p, we can consider the effective divisor D = X)j=i a j^j 
such that pOx = Ox(—D). Notice that if (fj £ R is an .Ey -general element for v then 
dj = Thus, for any positive rational number i, the multiplier ideal of p and l can be 

defined as J{p L ) ■= tt*Ox{Kx\Xo ~ Y L D\), where K x \x is the relative canonical divisor 
and ['J represents the round-down or the integral part of the corresponding divisor. The 
family of multiplier ideals is totally ordered by inclusion, parameterized by non-negative 
rational numbers. Furthermore, there is an increasing sequence Lq < i\ < • • • of positive 
rational numbers, called jumping numbers, such that J{p L ) = J{p Ll ) for tj < i < and 
J(p il+1 ) $1 J{p H ) for each I > 0; Lo, usually named log-canonical threshold of p, is the 
least positive rational number with such a property. 

Denote, as above, by g* the number of star vertices in T and set 

Hi := <L(t,p,q,r) := h — + — | h — < — ;p, q > 1, r > } 

{ Pi e, ei-i Pi ei J 

whenever 1 < i < g* , and 

H g * + i := <^ L(g* + l,p,q) := — + \ p, q > 1 > , 

p, q and r being integer numbers. In [TT], it is proved that the set 7i of jumping numbers 
of the ideal p can be computed as Ti = Llf_J[ Hi. 

Now, inspired by the terminology introduced in [20] , for a simple complete ideal p of R 
and its corresponding log-resolution ir (see ([1])) and divisor D = ^j=i a jEj, we give the 
following definition: 

Definition 2.2. A candidate jumping number from a prime exceptional divisor Ej given 
by 7T is a positive rational number l such that taj is an integer number. Also, we shall say 
that Ej contributes l whenever t is a candidate jumping number from Ej and J{p L ) £ 
n*O x (-[LD\+K x] x +Ej). 

Assume i£H and l ^ lq = minTC. We denote by t < the largest jumping number which 
is less than i. By convention we set J(p L ° ) = R. Nakayama Lemma proves that, for any 
l € Ti., J (p L< ) / J (p b ) is a finitely generated C-vector space, C being the field of complex 
numbers. Thus, we can define the object to be studied as 

Definition 2.3. Let p a simple complete ideal of R. The Poincare series of multiplier 
ideals of p is defined to be the following fractional series: 

t being an indeterminate. 
Our main result is 
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Theorem 2.1. The Poincare series P p (t) can be expressed as 




where 



Q := {i G H. g *+i | 6 < 2 and t — 1 



We must clarify that -Pp(i) is not an element in C(i) but there exist finitely many 
(exactly g* + 1) "roots of t" which could be considered as another indeterminates, say 
z\,Z2, ■ ■ ■ , such that P p (t) € C(z\, Z2, ■ ■ ■ , Z g *+i). To prove this theorem we shall 

use the following results: 

Theorem 2.2. A jumping number l of a simple complete ideal p belongs to the set Tii 

(1 < i < g* + 1) if and only if the prime exceptional divisor Fi := E^ contributes l. 

Theorem 2.3. Let i be a jumping number of a simple complete ideal p. Then 



where {ii,i2, ■ ■ ■ , is} is the set of indexes i, 1 < i < g* + 1, such that t £ Hj. 

As a direct consequence of Theorem 12.21 and Clause (c) of the forthcoming Proposition 
13.11 we get the following result that tells us which are the prime exceptional divisors 
contributing a given jumping number. 

Proposition 2.1. The prime exceptional divisors that contribute a jumping number i of 
a simple complete ideal p are those divisors Fi such that i € Hj. 

Remark. In [23] it is announced that, in a future work of the author, a similar result to 
Proposition 12.11 for jumping numbers that are less than one will be provided. 



Along this section we shall use the above notations. We start by proving Theorem 12.21 

3.1. Proof of Theorem 12.21 It will be useful the following result, whose proof can be 
deduced from Section 3 of [20] and, therefore, we omit it. 

Proposition 3.1. Let l be a positive rational number and Ej a prime exceptional divisor 
given by the sequence it of |7p. Then 



(a) 7t,Ox{-[lD\+K XIXo ) ^ Tr.Oxi-liDl+Kx^+Ej) if and only if -\pD\-Ej > 2. 



(b) Assume that i is a jumping number. Then Ej contributes l if and only if i is a 
candidate jumping number from Ej and — [lD\ ■ Ej > 2. 

(c) If Ej contributes a jumping number i then Ej = Fi for some i € {1, 2, ... ,g* + 1}. 



We shall divide the proof of the direct implication of the theorem in two parts, 1 and 2. 
1. Assume that g* = g, that is T contains a subgraph T g+ i, and consider three 
subcases. 




) 



3. Proofs 



□ 
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a. Let us prove that the divisor F g contributes any i S 7i g . 
Consider the subgraph of V whose vertices are those corresponding to F g and the prime 
exceptional divisors that meet F g , that we denote by F g _ 2 , F' g _ x and F' g+l (see Figure 
[2]). We suppose that F' ^ is the exceptional divisor created immediately before that F g 
(that is, E stg ^i). Notice that, in Figure O F' g _ 2 and F' ± can appear interchanged but 
our reasoning in that case will be similar. 



F' F F' 



Figure 2. F g contributes H g 

Recall that Ej -Ej = — 1 — card('Pj), Vj being the set of prime exceptional divisors which 
are proximate to Ej and card meaning cardinality, Ek ■ Ej = 1 whenever E\. CiEj ^ and 
k j, and E^ ■ Ej = otherwise, j, k 6 {1, 2, . . . , n}. By Proposition 13.11 we see that the 
inequality we have to prove is 

(2) - |u/(¥>- 2 )J - L^(v-i)J - L«^i)J + 2L^MJ > 2, 

(p = (fo being an i^-general element for ^ and an .F^-general element for u, I € 

{— 2, — 1,1}. In fact, we shall prove that the equality holds in ([2]). 

Set, as above, {A}f=Q the sequence of maximal contact values of v and denote by 0f l , 
I € {—2,-1,1}, the i-th maximal contact value of the divisorial valuation u ipi defined 
by F' +l (notice that ipi is a general element of this valuation). Also, remind that e, := 

gcd(/?o, • • • , Pi) and rij := ej_i/e», and denote with a super-index the analogous values 
attached to u Vl . 

By [3] and taking into account that for h € -R, 

z^(/i) = min{(/i, ^>)|^> is a general element of ^}, 

(h, being the intersection multiplicity of the germs given by h and tp |21j . we get the 
following equalities: 

Kv-i) = e g-i4; 

Now, we state a result which will be useful in the proof. 
Lemma 3.1. n^~ 2 f3 g - n g (3 g ~ 2 = 1. 
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Proof. Set f3[ and 0? 2 the Puiseux exponents of the valuations v and v v _ 2 (see [2T] for 
the definition). Lemma 1.8 in [4] proves that 

(3) ~-=P' 9 + —? 9 -i ~ 1 

n n 9 n„ 



and, analogously, 



n^ 2 



T B.jPo-l r- 



v-2 ' J g ' <p- 2 y g - 

ll a tin 



Since pf 2 = for i < g, where k = 0q 2 / (3q (see [2], for example), one gets 
(AS "9- 1 a _ ra g-l ay-a 

(4) ~TT^-i ~ ZFZPg-i 

llg n g 

since e 9 = e^ -2 = 1. So 

_ ^3 - ff — R ltp ~ 2 

ftp % 

Bearing in mind that and j3' g v ~ 2 are consecutive convergents of a finite continued fraction 
whose denominators are respectively n g and rig~ 2 , by [TTJ Th. 7.5] the equality 

(5) p' 9 - 1 ;- 2 = -^- 2 

n g rig 

holds. The statement follows from (|3|), and ([5]). □ 



Returning to the proof of our theorem, we recall that in [TT] it is proved that i € 7i g 
has the form i(g,p,q,r) (see page H] in this paper). Since e g = 1 we get 

^ _ (p + rn g )/3g + qn g 
n g fi g 

For simplicity's sake we set s := p + rn g . Now stand a and /3 for a := j3g~ 2 /f3 g and 
/3 := e^Z\/n g - Inequality ([2]) to be proved can be expressed 

(6) - l(qn g + spg)a\ - [(qn g + sP g )P\ - [(qn g + sp g )(l + — =-)J + 2(qn g + sp g ) > 2. 

TlgPg 

For t € Tig, it is necessary that (p/n g ) + (q/P g ) < 1, which is true if and only if pf3 g + 
qn g < n g (3 g . However, equality can not happen in this case because p > 1, q > 1 and 
gcd(/3g,n 9 ) = 1. 

Let C be a germ of curve given by a general element of v. It holds that n*C = C + D, 
where C denotes the strict transform of C by tt and D the attached to p above mentioned 
divisor. Then 

(7r*C) • F g = C ■ F g + D ■ F g = 0. 
Since (-D) • F g = —v((p_2) — ^ (y-i) — + 2^(v?)> we obtain 

(7) Q + J g = i_J_ 
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Set a\ := a + {l/n g (5 g ) and f3\ := (3. By LemmaETJ one has 



P g P g 



(qn g + sP g )a = H % 9 + = qn^ + s/^" 2 



"9 f"g ' "^g 

h>g 

Thus 



(gn g + sp g )at = qn%-' + - J- + ^£±£#? = *_ a + s ^_ a + ± 

Recall that s = p + rn g , p < e ff _i, q < /3 g and + qn 5 < Then 

(8) L(<7™<? + s/3 g )ai\ + [(gn,, + s/3 9 )/3iJ = qn g + sj3 g -l, 

(9) L(9"s + s 4)«iJ = K" 2 + s Pg~ 2 + r < 

(10) L(^ 9 + 4?H = <K~ 2 + s ^r 2 " 1 

and 

(11) l(qn 9 + .&)(1 + -i-)J = [qng + + gn « + 8 ^ \ = 

n g p g ^gPg 

- q p 
= [qn g + s(3 g + H h rj = gn 9 + + r. 

Prom (jH), © and dTO]), we get 

- [(qn g + s/3 9 )aj - [(qn g + s/3 9 )/3J = -(grc fl + sf3 g ) + r + 2. 

This concludes the proof of this case since now (jllj) proves equality in ([6]) . 

b. Now, we are going to prove that for any i < g the divisor Fi contributes any t € TLi. 

With the same conventions and notations as above, consider the subgraph of T of 
vertices corresponding to Fi and those divisors which meet it (see Figure [3]) . 



F' F F' 

r i-2 J ' r i+l 

F' 
• r i-i 



Figure 3. Fi contributes Hi 

bl. Firstly, we assume that the divisor F' i+l is free. 

Set v_ the valuation given by the last free divisor represented in Tj+i. Notice that for 
any analytically irreducible element h in R whose strict transform (the associated germ 
of curve) cuts transversally some of the divisors created to define v_, the equality v{h) = 
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(Pq / P^)u(h) holds. Along this proof, we set k := {3q/(3^ and any jumping number l v 
i(i,p,q,r) in the set 7ii satisfies: 



1 



where the super-indices v and make reference to the valuation that corresponds to the 
used values, and b- is the jumping number [{p + rnj)fjf + gef^ 1 ]/(ef_ 1 ^f) of the simple 
complete ideal defined by v, which belongs to the corresponding set Tif. 

Now, our result is proved because inequality (f2]) in our case coincides with the same 
inequality for v, which accomplishes it since the valuation v_ is in the situation la. 

b2. Now suppose that F[+\ is a satellite divisor. 
We can assume that i = g — 1, because when i < g — 1 a reasoning as in lbl would finish 
the proof. 

Again, set v_ the valuation defined by the free divisor represented in the graph T g . 
Keeping our notation, we must prove 

-\iv(<p- 2 )\ - Lwfa-OJ " L"%i)J + (* + l)w(¥>) > 2 ' 
where t is the cardinality of the set of prime exceptional divisors in (pQ) proximate to F g -\. 
The worst case happens when t = 2, so we assume it. By using the valuation v_ and taking 
into account that i v = the reasoning in la shows that 

iu(ip) - [iu(ip- 2 )\ - \iv{ip-x)\ > 2 + r. 

Looking at the sequence of values for v (see [U 1.5.1]), set a (b > a, respectively) for 
the value at the divisor where the strict transform of the germ given by ip\ intersects 
transversally (for the value at the defining divisor of y_, respectively). Then 

iu((p) = qe~_ 2 + sPj_ t , 

where s is obtained as above. Now, since 

(12) u(i Pl ) = 2u{i P )+a + b, 

because t = 2, we get 



(13) ) = 2(gef_ 2 + afir_ x ) + ia + ib = 2(qe^ 2 + sft_ x ) 



1 + 



a + b 



2Ke-_oP~ 



-g-2^g-l 



It is clear that (a + b)0Q = (3q and then the right hand side in fjl3[) equals 



1 + 



a + b 



— 8- 



2{a + b)d g _ 2Hg _ x 
So, [Lu((pi)\ < 2(qe^_ 2 + s/3g_i) + r since 



2(ger_ 2 + s&i) 



1 + 



e 9-2/ 3 S -l 

is the jumping number i- that, by the conditions given in [11], is less than or equal to r. 
It only remains to prove that 

c. F g+ i contributes any jumping number i £ TL g +i. 
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Indeed, l has the form t = (p/e g ) + (q/(3 g+ i), p, q > 1 and e g = 1, so l = {q + p(5 g+ \)/ f3 g+ i. 
Keeping the above notations, the subgraph we are interested in is the one depicted in 
Figure HI As above set (p and ip~\ analytically irreducible elements of type ipi attached to 



F 'g F 9+^ 



Figure 4. F g+ i contributes H g+ \ 

the divisors F g+ \ and F' respectively. Then, we must prove 

- [i^(y-i)J + w{ip) > 2. 

And this happens since 

q + pP g+ i - 

Pg+l 

Lu(ip) = q + and p > 1. 

2. To end the proof of the direct implication, let us assume that g* = g — 1. 

We shall only prove that the divisor i 7 ^ contributes any i 6 A proof for the case of 
the remaining divisors Fi, i < g, works similarly to the analogous case in 1. 

Here, the subgraph of T of vertices corresponding to F g and divisors meeting it will be 
the one in Figure [5] and with the same notations of la, we must prove 



F g-2 F 9 



F' 



Figure 5. F g contributes H g , when g* = g — 1 
- 1^(^-2)1 ~ [i<v(<P-i) J + w{ip) > 2, 

that is 

- [(qn g + s(3 g )a\ - [(qn g + s/3 g )(3j + qn g + s(3 g > 2. 

Finally, since 

1 = (-D) ■ F g = -v{tp- 2 ) - v(ip-!) + v(tp), 
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the same reasoning we did to show ([7]) allows to set n g (3 g (—a — (3 + 1) = 1, where a and (3 
are as above, and so we also get a + (3 = 1 — (l/n g /3 g ), i.e., n g /3 g ~ 2 + j3 g e^Z\ = n-gPg — 1- 
Then, 

[(qn g + s(3 g )a\ + \_{qn g + s/3 9 )/3J - (gn 9 + s(3 g ) = 

Pg n g 
= s^-i + qe*z\ + ~ ^ " + L 5(n ^ 9 ~ 1} " ^r 2 J " + -A,) = 

Q — S — — — 

= lQ n g ~ 5-J + L S A? J - + S A/) < (<7™ 9 - !) + ( S A? - !) - (<? n 3 + «A?) = -2. 



In order to prove the converse implication we shall consider two previous lemmas. 

Lemma 3.2. Consider an n-tuple of non-negative integers (a±, 012, • • • , a n ) and let D{a) 
be the divisor — ^j^ctjEj. For every nonempty subset {F^, Fi 2 , . . . , Fi t } of the set of 

divisors {i 5 i}f = j" , the following equality holds: 

(14) di mc ^m±m F A _ ± iimc '•°*Mj>\r<'\ 

' x,O x (D(a)) ir,Ox(D(a)) 

Proof. Without loss of generality we can assume that i\ < i% < ■ ■ ■ < it- In a first step, 

we prove (|14|) for t = 2. 

Consider the following commutative diagram of ideals in R and injective maps, where, 

for any sum G of divisors Ej, we stand £ a (G) for ir*Qx(D(o-) + G) and an expression like 
[ p ] 

A — > B means that the dimension of the vector space quotient B/A equals p. 

S a :=£ a ($) J*iU £ a (F h ) 



We only need to prove that 
(15) Pu 

because it holds the following vector space isomorphism 

&a(Ei 1 + F{ 2 ) ^ Sq^F^ + Fi 2 ) E a {Fi 2/ 



ill 1 



The symmetric isomorphism given by the diagram proves that pi 2 = qi 2 is also true. 

(|15p holds when either (Xst^ = or ct s t i2 = 0, therefore we can assume that both values 
are positive. Set and V{ 2 the divisorial valuations defined by F^ and Fi 2 , respectively. 
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£ a 




£a{Fit) 



Figure 6. Diagram for t > 2 



By the proof of [9j Th. 1], a basis of the vector space £ a (Fi l )/£ a is given by classes 

defined by "monomials" of the type Ilfc^o 1 ^f fc > ak — ^' wnere ^ an< ^ Vlfc> < < sf + 1, 
are elements as in the paragraph after Definition 12.11 but associated with the valuation 

(in particular l fi gl+1 denotes a general element of u^). Clearly (111=5) V/**) = "st^ ~~ !• 
Taking into account that Fi 2 corresponds either to a star vertex (as F^) or to the last 
vertex of the dual graph of v (always denoted by stj 2 ) and that i\ < 12, it holds that all 
generator "monomials" Hfci) 1 c Pi k as aDOVe have the same valuation , that is a multiple 
of O-st^ — 1 and larger than or equal to ct s t i2 ■ This shows that = because the classes 
in £ a (F il + F i2 )/£ a of the "monomials" spanning £ a (F il )/£ a are linearly independent 

elements and one cannot find any element Ilfci) 1 Pi* sucn that (Y\k=o V 7 "* ) = a st il ~ 1 

and ^(Uk=o ^f*) = ~ L 

Notice that in the above reasoning, the specific values atj for those indices not corre- 
sponding to the divisors defining the valuations and i>i 2 are not relevant. 

When t > 2, we can reduce the proof to the above situation. Indeed, if we consider 
the diagram in Figure EJ we can do the above reasoning for the sub-diagrams including 
three consecutive ideals of the type described for t = 2 (changing D(a) by sums of the 
type D(a) + XweL ^i, with a suitable set of indices L). We have set in boldface letter the 
dimensions we know and without this type of letter those that we compute in an iterative 
manner by using the reasoning for t = 2. This implies that we can compute the dimensions 
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appearing in the arrows of the top line of the diagram. The sum of those dimensions is 
the dimension we desire to compute and it is p^ + pi 2 + • • • + pi t . □ 

We shall use the above lemma to prove the following one, which shows that Theorem 
12.21 holds for less than 1 jumping numbers. Before stating it, we recall that the less than 
1 jumping numbers of p (and their multiplier ideals) coincide with those associated with 
the curve in Spec(i?) defined by a general element of the valuation u, ip, [Til Prop. 9.3]. 
Furthermore, Varchenko [25] (see also [1]) proved that these jumping numbers are exactly 
the exponents a in the interval ]0, 1[ corresponding to non-zero terms of the Hodge spec- 
trum of if, Sp((/?) = XloeQ n a(v)^ Q 5 which is a fractional Laurent polynomial with integer 
coefficients that can be defined using the mixed Hodge structure and the monodromy on 
the cohomology of the Milnor fiber of (p. We must mention here that, although the Hodge 
spectrum of a hypersurface singularity was first defined in [22] and [23], we consider the 
definition used in [19|[T8l[T]. 

Lemma 3.3. If l is a jumping number of a simple complete ideal p such that < i < 1 
and a divisor Fi (1 < i < g* + 1) contributes l, then i G 7Yj. 

Proof. Assume that Fi contributes i. Consider the set of indices n := {k | 1 < k < 
g* + 1 and i G TLk}- Taking into account that F^ contributes i for all k G n (by the direct 
implication of Theorem I2.2f) one has 

J (P L ) C TT^Ox ( - [iD\ + K x \ Xo + J> CJ (p^) . 

By p], it happens that 
(16) n L {<p) = dim c J(p L< )/J(p L ), 

and, by [18| 1.5], n L ((p) is the cardinality of n. Therefore, by Lemma 13.21 the equality 
k*Ox{— + Kx\x + Sfcen ^k) = ^{p L< ) holds. As a consequence if i would not be in 
n, then J{p i< ) = it*Ox(— [^D\ + K x \x + Sfcen ^fc + which is a contradiction with 
Lemma [32] and ([IS]). □ 

Remark. Notice that, from the above proof, it follows that the dimension of the quotient 
7T*e>x(-|>Dj + K x \x + Fi)/J{p L ) is 1 whenever i G Hi, 1 < i < g* + 1, and < i < 1. 

Now we shall take advantage of Lemma 13.31 to prove that its statement is true for 
whichever jumping number i of p. Notice that i ^ 1 by [111 Prop. 8.9]. Consider a divisor 
Fi, 1 < i < g* + 1, such that Fi contributes i > 1 and let us prove that i G Hi. 

If i is an integer then t G H g * + i (by pH Prop. 8.11]). As iD ■ F { = [iD\ ■ F { < -2 (by 
Proposition 13 . 1 1> . i must be g* + 1 since otherwise the above equality would not happen 
because D ■ Ej = whenever Ej / Fg*+i- 

If i = g* + 1 then iv(p) is a positive integer and, therefore, t G TL g *+\ (again by [TT] 
Prop. 8.11]). 
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Hence we can assume from now on that i is not an integer and i 7^ g* + 1. Set a := [i\ 
and (3 := 1 — a. We shall distinguish two cases, proving that the second one cannot hold. 

Case 1. (3 is a jumping number of p. Obviously (5 is a candidate jumping number from F^. 
We have [(3D\ • F< = |t-Dj ■F i -aD-F i = [lD\ ■ Ft < -2 (by Proposition El]) and, thus, 
.Fj contributes /3. Since < < 1 we apply Lemma I3T31 concluding that 1 = a + G Hi. 

Case 2. (3 is not a jumping number, Fj contributes t, so — [_/5Z?J • Fj = — [lD\ ■ Fi + aD • Fj = 
-|>DJ -Fi > 2. Now, 7t*Ojc(-1>3DJ + K x \x + Fj £ n*O x (-\J3D\ + K x]Xq ) by Proposi- 
tion l3.1l (a). Since f3v{tpi) is an integer number it holds that ir*O x (— [(0— e)D\ +K x \x a ) / 
tt*O x (— l@D\ + K X i Xo ) for all e > 0. Then (5 should be a jumping number, which is a 
contradiction. 

This concludes the proof of Theorem 12.21 □ 

3.2. Proof of Theorem 12.31 Next we prove Theorem 12. 3| which states that if l is a 
jumping number of a simple complete ideal p, then 

k*O x (^-[lD] + K x]Xo + = J (p b< ) > 

where «2j • • • , ^s} is the set of indexes i, 1 < i < g* + 1, such that t G Hj. 

To begin with, we shall prove some technical lemmas which keep the above notation. 
The first one is related to Enriques' "principle of discharge" [261 P a g- 28]: 

Lemma 3.4. Let F be a divisor of X with exceptional support and let E^ be a prime 
exceptional divisor such that F ■ E k > 0. Then 7r*C>x(— F) = 7r*O x (—F — E^). 

Proof. It suffices to take global sections on the natural exact sequence 
O x (-F - E k ) O x (-F) O x (-F) ® Ek . 

□ 

Our next lemma follows easily from the fact that the equality D ■ E^ = happens 
whenever k 7^ n. 

Lemma 3.5. Let E k be a prime exceptional divisor such that 1 is a candidate jumping 
number from E^. If E k 7^ Fi for all i G {1, 2, ... ,g* + 1}, then either l is a candidate 
jumping number from all prime exceptional divisors meeting E k or 1 is not a candidate 
jumping number from none of them. □ 

Lemma 3.6. Let i G {1, 2, . . . ,g*} and let F-_ 2 , F{_ 1 and F- +1 be the three prime excep- 
tional divisors meeting Fi, whose corresponding vertices in T are depicted in Figured If 
l is a candidate jumping number from Fi and F- +1 , then 1 is also so from F-_ 2 and F-_^. 

Proof. Notice that, due to the equality D ■ Fi = and the fact that i is a candidate 
jumping number from Fi and F[ +1 , it is enough to prove that 1 is a candidate jumping 
number from F-_ 1 . With the same notation of the proof of Theorem 12.21 we notice that 
v{y>i) = tv((p) + a, where t is the number of proximate to Fi prime exceptional divisors. 
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Therefore tej is a positive integer because t is a candidate jumping number from Fi and 
F[ +1 . Since = efzlfli and ej divides Pi one has that is also a positive 

integer and, hence, i is a candidate jumping number from □ 

From now on, denote by A the set of prime exceptional divisors (provided by the 
sequence tt of ([I])) from which i is a candidate jumping number. 

Lemma 3.7. Let Ek be a divisor in A such that Ek ^ Fi for all i € {1, 2, . . . ,g* + 1} and 
consider a subset S of A such that Ek £ S and the cardinality of the set Sk '■= {Ej € S \ 
Ej n Ek 7^ 0} zs /ess i/ian or e^uaZ to Then 

tt^Ox I - [tDJ + K x \x +Y< E n= ( - L iZ? J + ^l*o + E ^ 

\ Ei&3 J \ E j& S\{E k } 

Proof. Set G the divisor [lD\ — K x \x Q ~ ^EjeS ^ Lemma [3^1 it suffices to prove 
that G • E'fc > 0. It is clear that G-E k = \lD\ ■ E k - K x \x -Ek-El-e, where e = (e = 1 , 
respectively) whenever the cardinality of the set Sk equals (1, respectively). Taking into 
account that K x \x ' = — E\ — 2, we get 

G ■ E k = [lD\ -Ek + 2-e. 

When Sk is empty, the condition G ■ Ek > is equivalent to [lD\ ■ Ek > —1, which is true 
by Proposition [3TTJ Otherwise we must prove that [lD\ ■ E k > 0. Indeed, by Lemma [3.51 1 
is a candidate jumping number from all prime exceptional divisors meeting Ek and, then, 
[lD\ ■ E k = lD ■ E k = 0. □ 

Given two prime exceptional divisors Ek and Ej, we shall denote by [Ek,Ej] ([Ek,Ej[, 
respectively) (]Ek, Ej[, respectively) the set of prime exceptional divisors corresponding to 
the vertices of the dual graph T of p which are on the shortest path that joins the vertices 
associated with Ek and Ej (the set [Ek , Ej] \ {Ej } , respectively) (the set ] Ek , Ej [\{Ek , Ej } , 
respectively). The length of [Ek, Ej] will be the length of the mentioned path (that is, its 
number of edges). 

Lemma 3.8. Let S be a subset of A and Ek a prime exceptional divisor given by tt that is 
different from Fi for all i € {1, 2, ... ,g* + 1}. Assume that either Ek does not belong to S, 
or Ek is in S and either the associated with Ek vertex in the dual graph T of tt is a dead 
one or it is adjacent to a vertex whose associated divisor does not belong to S. Consider 
any divisor F r such that there is no divisor Fi satisfying Fi £]Ek,F r [. Then 

n*Ox ( - L^J + Kxix + E E i \ = ( - L^J + K x\x + E E J 

E 3 eS I \ E 3 eS\{E k ,F r l 



Proof. It follows by applying Lemma 13.71 and making induction on the length of [Ek , F r ] . 

□ 
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We conclude this subsection proving Theorem 12.31 with the help of the above lemmas. 
It is clear that 

J (p l< ) = tt*Ox -\i.D\ + K x]Xo +J2 E * 

For each i = 1,2, . . . , g* + 1, define A- as the set of divisors in A associated with some 
vertex of the the subgraph Tj of T such that they do not contribute i. Then, by Theorem 



9*+l 

(17) A\ |J ^ = {F h ,F ia ,...,F i .}. 

i=l 

To prove Theorem 12.31 it will be enough to show that 



(18) 



J (p l< ) = tt^Ox ( - [tD\ + K x \x + E E i I 
\ %eA\5 4 / 



for any i £ {1, 2, . . . , g* + 1}, where Si := Ufc=i Al. We shall assume that g* > and we 
shall apply induction on i (the result for g* = can be easily proved using reasonings of 
the forthcoming induction procedure). 

Let us show (fT8j) for i = 1. Set E\ and E t the divisors corresponding to the two dead 
vertices of the subgraph T±. Applying Lemma [3781 with E/. = E\ and S = A, it happens 

J (V") = tt^Ox ( - [tDj + K x]Xo + E o 

\ EjeA\[Ei,.Fi[ 

Again by Lemma 13.81 but taking E^ = Et and S = A \ [i£i,i<x[, we obtain 

J (p l< ) = ir*O x I -L^J + ^x|Xo + E ^ 
V S J eA\(S 1 \{F 1 }) 

If either Fi A or F x contributes i, then ([18]) holds for i = 1 because Si C [E^, iq [li[E t ,Fi [ 
If iq € A^ and F!± £ A, using Lemma 13.61 we get 

UDJ - K X | Xo - ^ ; J • iq = iD ■ F 1 - K x \ Xo -Fx-F?-1>0 

taking into account that K x \x ' ^i = — iq — 2 and D ■ F\ =0. If, otherwise, iq S A[ and 
F' 2 $l A, the fact that the left hand side of the above equality is also positive follows easily 
from Proposition 13.11 Thus, applying Lemma 13.41 we conclude the proof of Equality (|18|) 
for i=l. 



Assume now that f|18|) is true for i, 1 < i < g* , and let us show it for i + 1. With the 
notation of Lemma 13.61 either whether i is a candidate jumping number from the divisors 
Fi and F[ +1 (in which case Lemma 13.61 shows that ' Fi—l = t>D ■ Fi = what implies 
that Fi does not contribute t (by Proposition 13. 1|) and, therefore, iq A\Si), or whether 
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i is not a candidate jumping number either from F[ +1 or Fi, one can apply the induction 
hypothesis and Lemma [3781 (with = F? +1 and S = A \ Si) getting the equality 

(19) J (p L< ) = n*O x I -[lD\ + K x]Xo + Yl E i 

\ E j eA\(S i u[Fl +v F i+1 [) , 

In the cases i < g* or i = g* = g — 1 we consider the divisor E q associated with the 
dead vertex of V in the subgraph Ti + \ . Applying again Lemma 13.81 taking E^ = E q and 
S = A \ (Si U [F! +1 , F i+1 [), we have 

(20) J (p l< ) = tt^Ox (-[oDj + K x{Xo +J2 E i) ' 

where Ej runs over the set A \ (Si + ± \ {Fj + i}). 

As a consequence, Equality (fT8|) for i + 1 happens whenever Sj+i- So we can 
assume that -Fi+i G 5*j+i (that is, /, is a candidate jumping number from -Fj+i and Fi + \ 
does not contribute i). To conclude our proof we study the three, a priori, existing possi- 
bilities. 



Case a. Fi + \ meets a divisor in A \ Si + \ associated with a vertex of the graph Tj U Ti + \. 
This case cannot happen because then the divisor Fi must contribute i and meet i^+i; 
but then F/_ 2 ,i^'_ 1 G A (by Lemma ES|) and this implies that [lD\ ■ F { = D ■ Fi = 0, 
which is a contradiction by Proposition 13.11 

Case b. Fi + \ meets a divisor in A \ Si + \ associated with a vertex of the graph rj + 2 (this 
cannot happen if i = g*; so we assume here that i < g*). Applying Lemma 13.61 every 
divisor meeting Fi + \ belongs to A and, therefore, [lD\ ■ Fj+i = lD ■ Fi + \ = 0. Hence 

l[,D\-K xlXo - £;)-^+i = l 

since K x \ Xo ■ Fi + \ = —Ff +l — 2. Thus, in this case, by Lemma l3~4l (fLSl) holds for i + 
Case c. Fj + i does not meet any divisor in A \ (Si + i \ {Fj + i}). Then 

I [lD\ - K x[Xo - Y = ( L lD \ - R x\x - F i+ i) ■ F t+1 = 

\ E,eA\(S l+1 \{F l+1 }) J 

= [lD\ ■ Fi+i + 2 > 0, 

where the inequality holds since, by Proposition 13.11 [oDj ■ Fi + \ > — 1. This finishes the 
proof after applying Lemma 13.41 □ 

3.3. Proof of Theorem l2.H We end this paper by proving our main result, Theorem l2.H 
that provides an explicit expression for the series P p (t). 

For a start we state the following result, proved in [5j Lem. 4] in a more general 
framework, that will be useful. 
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Theorem 3.1. Let V = {v\, U2, ■ ■ ■ , Vs} be a finite family of divisorial valuations of K 
centered at R. Set Sy '■= {{v\{h), vi{K), . . . , v s {h)) £ Z s |/i € R \ {0}}, Z denoting the 
integer numbers and 



B l := (i/^,), V2tyi), VsW)) = {B[,B L 2 ,..., B l s ), 

where 1 < I < s and ipi is a general element for v\ . Then the following statements hold: 

(1) Suppose s > 2, fix and index I and consider another one 1 < k < s, k 7^ I; if 
a := (ai, ai, ■ ■ ■ , a s ) £ Sy, then 

d k (a) := dim c — — „ s =-r = dim c - 



n*O x (- Z s j= i a i E i ~ E k) **O x (- Ej=i («i + B j) E i ~ E kY 

(2) Assume that di(a) 7^ for some index I, then 

A . **Ox(-E s j= i( a i + B ]) E j) ^0x(-e; = i«^) n 

dimc ^x(-E-.iK + ^)^-^) = + c «*Ox(-ZU^- E iY 

Now we return to the situation and notations of this paper, and recall that a divisor with 
exceptional support, E, is named antinef whenever E ■ Ej < for all j = 1,2, ... ,n. We 
shall use the following well-known result (see |16t Lem. 1.2] for instance): If E is a divisor 
on X with exceptional support, then there is an antinef divisor E~ (called antinef closure 
of E) such that E~ > E and ir*Ox(—E) = tt*Ox{—E~) (in fact, E~ is the least antinef 
divisor > E). It can be computed by means of the following procedure: If E ■ Ej < for 
all j then E~ = E; otherwise set E' := E + Ej, where Ej is such that E ■ Ej > 0, and 
repeat the procedure replacing E by E' . Due to Lemma 13.41 the antinef closure of E will 
be obtained after finitely many steps. 

For each 1 £ Hi, 1 < i < g* + 1, we denote by d\ the following dimension that we shall 
use in the proof. 

dt := dimc I JW) 

By Theorem 12.31 and Lemma [3.21 we have that P p (t) = ^f^ 1 Pi(t), where Pi(t) = 
SieH- dfo L - So, we only need to compute Pi(t) for any i. Write Zi = iVfe-iW. 

Firstly assume that 1 < i < g* ■ To get Pi(t), we shall use the following 

Lemma 3.9. Let i be an index as above. Then, 

(1) The map (p,q,s) 1— > i(i,p,q,s) gives a bijection between the sets B := {(p,q,s) £ 
Z 3 I p, q > 1, + </ej_i < ni(3i and < s < e-i — 1} and 7Yj n [0, 1] . 

(2) If l £ Hi and u > 1, then there exist a unique (p,q,s) £ B and a unique positive 
integer r such that 1 = i{i,p, q,s) + r = i{i,p, q,s + rei). 

Proof. (1) follows from the fact that ej_i and (3i are relatively prime and (2) from (1) and 
the arithmetical expressions of the jumping numbers in Hi. □ 
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As a consequence of the above result we obtain the equality 

-nW — a c{i,p,q,r) Z i 
P,q>l,r>O,p0i+qei-i<nif3i 

Fix any triple of non negative integers (p, q, s) in B and write 

n (A „ „ „\ ._ ph+qei-i+snih w mn*ft 

<T{l,P,(l,S) ■- z i 2^ a L(i,p,q,s+rei) Z i 

r>l 

Then one gets 

So, we are going to compute the expressions o~(i,p,q,s). To do it we shall prove the 
following 

Lemma 3.10. With the above notations and assumptions, it holds that 

ji — rfi 

u i(i,p,q,s+rei) u 'i(i,p,q,s) 

for all non-negative integer r. 

Proof. We shall reason by induction on r. Since the equality is evident for r = 0, we assume 

that d\. . « = <#,. ,n v Set J (p^P^s+reM = q (_ yn E \ h 

i(i,p,q,s+rei) L(i,p,q,s+(r—x)ei) v V s / * A V ^—>3=^ J ■> J ' 

(ai, . . . ,a n ) = (Lt(i,p,?,s + rei)i/(<pi)J - k x , . . . , [u{i,p, q, s + re,)z/(</? n )J - «n), 
E"=i bein g ^X|x - Thus 

Let Sj=i PjEj + u (LPj))Fj, respectively) be the antinef closure of the divisor 

YTj=i a j E j ~ Fi ij2]=i ( a j + u (<Pj)) Fj ~ Fi, respectively) . As D ■ Ej = (1 < j < n - 1) 
and D ■ E n = — 1, D being the associated to p divisor D = Yll=i v { L Pj)Fj- I it is easy to 
deduce from the above described procedure for computing antinef closures that /3j = 0j 
whenever j < n and (3' n < (5 n . Moreover one has that = (3' st . = — 1 (since Fi 
contributes l). 

Now, consider the commutative diagram 

7T,O x (D(a)+F t ) **Ox(D(a)+Fi) f ir*O x (D{f3)) 

n,O x (D(a)) n,Ox(D(a)) n*O x (D(p~)-Fj 



7r«0 x (D(a+y)+F i ) h Tr t O x (D(P'+<p)) j ■k,O x {D{/3+ V )) 

tt.Ox n*O x (D(P'+<p)-Fi) n*O x (D(j3+<p)-Fi) 

where D(a) := - £™ =1 D(J3) := - £™ =1 PjEj, D(a + <p):=- E"=i(«i + "{<Pj))Ej, 

D{$ + <p) := -E"=i(^ + v(<Pj)) E 3> D (P + <P) ■= -Ej=l(03 + ^j))Fj, f and h 
are the identity homomorphisms (notice that tt^Ox (D(a)) = ir*Ox (D(J3) — Fi) and 



20 C. GALINDO AND F. MONSERRAT 

7r* (D(a + if)) = tt*Ox {D([3' + </?) — Fjj), i is defined by the product by ft" and g and 
m are given by the product by ip n (notice that v{<pj) = ve^ (^n), being the divisorial val- 
uation provided by the exceptional divisor Ej). This proves d/Ap^s+fr+iW) = ^(.(i,p,g,s+rei) 
and thus our lemma, since g is an isomorphism because m is also an isomorphism by the 
proof in j5j Lem. 4] of Statement (1) in Theorem 13.11 □ 

Notice that pq s ^ = 1 taking into account that i{i,p, q, s) < 1 (t(i,p, q, s) ^ 1 by [TTj 
Prop. 8.9]) and the remark after Lemma 13.31 Therefore 

Pft+(?e i _i+(s+e i )n i ft 

a(i,p,q,s) = zf* +qe *- 1+sn ^Y,' 



1 £i n if3i 

r>l 1 — Z j 



and this implies that 



Now we shall obtain an expression for the series P g *+i(t). We shall use a similar result 
to Lemma 13.91 whose proof follows from the fact that e g * and (3 g *+i are relatively prime. 

Lemma 3.11. The following statements hold: 

(1) The map (s, q) i— > + 1, s, q) oi^es a bisection between the sets T := {(s, q) £ 1? \ 
1 < s < e g * and 1 < q < (3 g * + i} and Q := {l € TL g *+\ \ l < 2 and t — 1 

(2) //( £ ~H g *+i and i > 2 i/ien i/iere exisi a unique (s, q) £ T and a unique positive 
integer r such that h = i(g* + 1, s, q) + r = i(g* + 1, s + re 9 * , q) . □ 

Set T as in Lemma 13.111 As a consecuence of that lemma, one can see that 

(«,9)er 

where 

„\ ._ X^'+l (s+re a *)/V+l+<? e s* 
T ^,qj .- 2^t(s*+l,s+re g ,,g)V+l 
r>0 

Applying (2) in Theorem 13.11 for any fixed pair (s,q) £ T, it happens that 
efCti, ^ ^ = d 9 ftii x + r for all r > 0. 
From this fact, one can deduce the equality 

therefore 

being as in Lemma 13.111 

Since df +1 = 1 whenever i < 1 (by the remark after Lemma I3.3p . it only remains 
to prove that df +1 = 1 for all i G 1~L g *+i such that 1 < t < 2 and t — 1 is not a 



j9 +i JVP 9 * 
u i(g*+l,s,q) V+l 
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jumping number (recall that 1 is not a jumping number [1 H Prop. 8.9]). Thus, consider 
a jumping number i satisfying these conditions and, reasoning by contradiction, assume 
that df +1 > 2. Let aj be the coefficient of Ej in the divisor \lD\ — Kx\Xoi 1 — J — n - 
The natural monomorphism of vector spaces 

^Ox{.-YiD\+K x \ Xo + E n ) ^ ir*O x (-(an-l)E n ) 
J(p L ) ^ ir*O x (-a n E n ) 

and [91 Th. 1] show that the vector space on the left is generated by classes of ele- 
ments of the type Ylk=o < ^ ) l k ^ where < k < g + 1, are nonnegative integers and 
lo, . . . , l g+ i are as in the paragraph after Definition 12. 1L Since two elements of this type 
satisfying the condition b g+ \ = are linearly dependent (see the proof of [H Th. 1]) 
there exists / € R such that the class of fip n is a non-zero element of the vector space 
7T*£bf(-|>Dj + K x \x + E n )/ J{p b ) and therefore u En (f(p n ) = v(fip n ) = a n - 1 and 
VEjtfVn) > oij, 1 < j < n. Thus v En (f) = a n - 1 - v En (p n ) and v Ej (f) > aj - u Ej ((f„), 
1 < j < n. This means that / is in ir^Oxi— l( L ~ 1)-^J + Kx\x + E n ) but it is not in 
ir*Ox(— l(t — 1)-DJ + ^x|x ) what implies that i — 1 is a jumping number, which contra- 
dicts our assumptions. This concludes the proof of Theorem 12.11 □ 



References 

[1] N. Budur, On Hodge spectrum and multiplier ideals, Math. Ann. 327 (2003), 257—270. 
[2] A. Campillo, "Algebroid curves in positive characteristic", Lecture Notes in Math. 613. Springer- 
Verlag (1980). 

[3] F. Delgado, The semigroup of values of a curve singularity with several branches, Manuscripta Math. 
59 (1987), 347—374. 

[4] F. Delgado, C. Galindo, A. Nunez, Saturation for valuations on two-dimensional regular local rings, 

Math. Z. 234 (2000), 519—550. 
[5] F. Delgado, C. Galindo, A. Nunez, Generating sequences and Poincare series for a finite set of plane 

divisorial valuations, to appear in Adv. Math. 
[6] L. Ein, R. Lazarsfeld, K.E. Smith, D. Varolin, Jumping coefficients of multiplier ideals, Duke Math. 

J. 123 (2004), 469—506. 

[7] F. Enriques, O. Chisini, "Lezioni sulla teoria geometrica delle equazione e delle funzioni algebriche" 

(1915) (Collana di Matematica, 5. Bologna: N. Zanichelli 1985). 
[8] C. Favre, M. Jonsson, Valuations and multiplier ideals, J. Amer. Math. Soc. 18 (2005), no. 3, 655 — 684 

(electronic). 

[9] C. Galindo, On the Poincare series for a plane divisorial valuation, Bull. Belg. Math. Soc. 2 (1995), 
65—74. 

[10] J. Howald, Multiplier ideals of monomial ideals, Trans. Amer. Math. Soc. 353 (2001), 2665—2671. 
[11] T. Jaxvilehto, "Jumping numbers of a simple complete ideal in a two-dimensional regular local ring", 

Ph. D. thesis, University of Helsinky (2007). 
[12] R. Lazarsfeld, "Positivity in algebraic geometry. Vol. II", Springer (2004). 

[13] J. Lipman, Rational singularities, with applications to algebraic surfaces and unique factorization, 

Inst. Hautes Etudes Sci. Publ. Math. 36 (1969), 195—279. 
[14] J. Lipman, "On complete ideals in regular local rings" in Algebraic geometry and commutative algebra 

in honor of M. Nagata (1987), 203—231. 
[15] J. Lipman, Adjoints of ideals in regular local rings, Math. Res. Lett. 1 (1994), 793 — 755. With an 

appendix by S.D. Cutkosky. 
[16] J. Lipman, K. Watanabe, Integrally closed ideals in two-dimensional regular local rings are multiplier 

ideals, Math. Res. Lett. 10 (2003), 423—434. 
[17] I. Niven, H. Zuckerman, "An introduction to the theory of nu mbers", John Wiley fc Sons (1972). 
[18] M. Saito, Exponents of an irreducible plane curve singularity, arXiv:math/0009133 v2. 
[19] M. Saito, On Steenbrink's Conjecture, Math. Ann. 289 (1991), 703—716. 



22 



C. GALINDO AND F. MONSERRAT 



[20] K.E. Smith, H.M. Thompson, Irrelevant exceptional divisors for curves on a smooth surface, to appear 
in the volume of the Midwest Algebra, Geometry and their Interactions Conference 2005. 

[21] M. Spivakovsky, Valuations in function fields of surfaces, Amer. J. Math. 112 (1990), 107 — 156. 

[22] J. H.M. Steenbrink, "Mixed Hodge structures on the vanishing cohomology" in Real and Complex 
Singularitites, Oslo (1976), Alphen aan den Rijn, Oslo, (1977), 525 — 563. 

[23] J. H.M. Steenbrink, The spectrum of hypersurface singularities, Asterisque, 179-180 (1989), 163-184. 

[24] K. Tucker, Jumping numbers on algebraic surfaces with rational singularities, 
arXiv:math/0801.0734v2. 

[25] A. N. Varchenko, Assymptotic Hodge structure in the vanishing cohomology, Math USSR Izv. 18 
(1982), 469—512. 

[26] O. Zariski, "Algebraic surfaces", 2nd suppl. ed., Ergebnisse 61, Springer Verlag (1971). 
[27] O. Zariski, Polynomial ideals defined by infinitely near base points, Amer. J. Math. 60 (1938), 151 — 
204. 

[28] O. Zariski, P. Samuel, "Commutative algebra. Vol. II", Springer- Verlag (1960). 

Current address: Departament de Matematiques, Universitat Jaume I, Campus de Riu Sec. s/n, 12071 
Castello (Spain) 

E-mail address: galindo@mat.uji.es 

Current address: Instituto Universitario de Matematica Pura y Aplicada, Universidad Politecnica de 
Valencia, Camino de Vera s/n, 46022 Valencia (Spain) 
E-mail address: framonde@mat.upv.es 



